In this note we give a short proof of the following technical result:
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This is the final piece of the following theorem, which says that a number of properties that are equivalent to quasi-convexity in hyperbolic spaces are also equivalent to one another in CAT(0) spaces:

Theorem 1 {#FPar2}
=========
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Corollary 1 {#FPar3}
===========

Morse subsets of CAT(0) spaces are strongly contracting.

We refer the reader to \[[@CR3]\] for background on hyperbolic and CAT(0) spaces.

The Proposition and the Theorem can be extended to arbitrary non-empty subsets $\documentclass[12pt]{minimal}
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The corollary confirms a conjecture of Russell et al. \[[@CR7]\] and generalizes a result of Sultan \[[@CR8]\], who proved that Morse quasi-geodesics in CAT(0) spaces are strongly contracting.
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Proof of the theorem {#FPar4}
====================

The contraction condition was introduced in \[[@CR1]\], where it was shown to be equivalent to the Morse condition. The recurrence condition was used to characterize Morse quasi-geodesics in \[[@CR5]\], and this characterization can be extended to arbitrary subsets, as in \[[@CR4], Theorem 2.2\]. Strong contraction obviously implies contraction. It is easy to see that all of these properties are equivalent to quasi-convexity in hyperbolic spaces. The proposition supplies the remaining implication.$\documentclass[12pt]{minimal}
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There is extensive literature making use of the Morse property and equivalent characterizations in various settings, but a complete exposition would be longer than this paper, so we will not attempt it. Sultan's result uses a characterization of the images of Morse quasi-geodesics in asymptotic cones due to Druţu et al. \[[@CR5]\]. Loosely speaking, this characterization depends on there being a sensible notion of one point being *between* two others, which we have for quasi-geodesics but not, at least in an obvious way, for arbitrary subsets. We avoid the use of asymptotic cones and instead use recurrence (which also comes from \[[@CR5]\]). We construct curves in essentially the same way as Sultan, but our argument, in addition to applying to general subsets, is simpler and gives an explicit strong contraction bound.

Proof of the proposition {#FPar5}
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Now there are three cases to consider.
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